Abstract-The two-dimensional problem of horizontally polarized wave scattering from an air-ground interface is considered. The diffraction problem is formulated by means of the extinction theorem, leading to a system of two simultaneous surface integral equations. The small-slope approximation has been used to solve this system. This solution was used as a fast forward solver in the Monte Carlo simulations of the scattered field near to the rough interface. Properties of the reflected field have been investigated for a single realization of the rough interface as well as for a statistical ensemble of such interfaces. Special attention has been paid to the phase of the reflected field (in the case of a single realization) and to the variance of the reflected field (in the case of a statistical ensemble), which has direct relation with the surface clutter in ground penetrating radars. A principal possibility to retrieve a surface profile from interferometric measurements of the reflected field near the surface is demonstrated.
I. INTRODUCTION

I
N ground penetrating radar (GPR) systems, which operate close to the air-ground interface, scattering from the rough interface plays an important role [1] , [2] . This scattered field is measured by GPR as clutter, which masks the response from buried targets and reduces the available dynamic range of GPR. In numerous previous studies of wave scattering from rough surfaces, far-field characteristics of the scattered field have been investigated (see e.g., classical books [3] , [4] ). Much less attention has been paid to the scattered field near the rough surface (see, e.g., [5] ). The main reason for this is that it is difficult to derive any analytical approximation for the field. With the development of direct numerical methods for the scattered field computation, this problem can be overcome. In this paper, we investigate fluctuations of the scattered field near a rough interface between two dielectric media using a numerical technique based on the Monte Carlo approach. For the Monte Carlo simulations a fast solver for the forward scattering problem is needed. Direct numerical simulation based on integral equation methods requires considerable computational resources (for more details, see, e.g., [6] ). If one takes into account that the surface roughness has a typical height below 10 cm, that the surface slope is not very steep and that the GPR systems typically use frequencies below 1 GHz [1] , one can see that it is possible to use a relatively simple perturbative approach like the small-slope approximation [7] or similar techniques [8] - [10] to solve the forward scattering problem. Such an approach can speed up Monte Carlo simulations tremendously in comparison with a direct numerical solution based on the integral equation methods.
II. FORMULATION OF THE PROBLEM
We consider two homogeneous half spaces, characterized by the dielectric permittivities and , respectively, while the magnetic permeability of the whole space equals the one for free space . The upper half space is supposed to be air, thus equals the free-space value , and the lower half space contains a lossy dielectric medium (ground), so can be presented as , where is the real part of the ground dielectric permittivity, is the ground conductivity, and the circular frequency corresponds to an time dependence. The propagation constants in both half spaces are and , respectively. We limit our consideration to the two-dimensional (2-D) case, where the interface between half spaces is described by a profile function (see Fig. 1 ). We consider the case of horizontal (or TE-) polarization and the letter denotes the -component of the electric field. The TM case can be treated similarly. Physically the 2-D case means that the characteristic size of surface inhomogeneities in one direction is considerably larger than that in the perpendicular direction and larger than the wavelength of the incident field. Practically it means also that this characteristic size is larger than the size of an antenna spot on the interface. We formulate the scattering problem based on the extinction theorem [or the extended boundary condition (EBC) or the null-field method] [11] , [12] . By application of Green's identity and Helmholtz equation, the following integral equations can be derived
where and are the 2-D Green functions corresponding to homogeneous spaces with propagation constant and , respectively. In (1) and (2), primed variables denote points on the surface, i.e., , the integration is over the whole surface, and the superscript " " or " " denotes the total electric field value on the upper or lower side of the rough surface, respectively. The vector is unitary, normal to the surface and directed upwards, corresponding to (3) and is the normal derivative with respect to the primed argument. As is well known, in the EBC approach the observation point is placed in an appropriate subset of each half space, rather than on the rough interface itself, and thus the singularity exhibited by the Green function when the observation point traverses the source point is avoided.
Using the boundary conditions on the rough surface resulting from continuity of the tangential component of the electric field and of the normal component of the electric flux vector (4) we derive from (1b) and (2a) the pair of simultaneous integral equations for the unknown functions and , while (1a) and (2a) are essentially an expression of the well-known Helmholtz-Kirchhoff integral formula and they may subsequently be used to calculate the scattered fields. We introduce the following notation for the unknown source functions (5) substitute the well-known explicit integral expressions for and into (1) and (2), assume that the incident field is a plane wave (6) which impinges from the upper half-space with the incidence angle (measured from the axis). Finally, we carry out the differentiations and interchange the order of integration (an operation that should be interpreted in the sense of generalized functions) in (1) and (2) . As a result we arrive at the following system of simultaneous integral, or, more properly speaking, operator equations
The square root is defined according to the radiation conditions, so that , . The reflected field, derived from (1a) in a similar manner, is given by From now on, the limits of integration to will be omitted for simplicity.
At very low (near-grazing) scattering angles when and the singularity appears in (11a). It has been found that this singularity causes a loss of accuracy in the near-grazing portion of the reflected angular spectrum. Scattered waves at near-grazing directions have little effect on the total scattered power, but they may be important for the field values just above the rough surface, which are of interest in this study. To avoid the singularity we use a linear combination of (11a) and (7a), which yields (12) Equation (12) differs from (11a) only for any approximate solution of (7). If exact solutions and of the system (7) were available, (12) would be equivalent to (11a). A similar singularity can occur for the transmitted field in (11b) (though only in the case of lossless ground). Then this problem may be treated in a similar manner.
III. ITERATIVE SOLUTION
In the case of an interface of an arbitrary profile , the system (7) cannot be solved analytically. The implementation of different numerical methods is still limited by the amount of required CPU time and computer memory. We apply to this system the small-slope approximation [13] - [16] in a similar manner as in [10] . We represent both unknown functions in the form (13) where , are functions of order . We do not discuss the convergence of (14) here, assuming that it holds in some appropriate sense. Using the procedure described in [10] , one can derive a pair of iterative relations for and (14) Here we used the notations
In (14), as well as throughout the following, the tilde denotes the Fourier transform, i.e.
For the selected power spectrum of the surface roughness (see next section) and the surface root-mean-square (rms) height , (which results in a surface rms slope of about 0.14 radians), the perturbative solution (13) and (14) is roughly 500 times faster than the method of moment solution developed in [10] .
IV. MONTE CARLO SIMULATION
To examine the statistical properties of the reflected field we use the Monte Carlo approach, which employs three major steps: generation of an ensemble of surface profiles with the desired probability distribution and power spectrum; calculation of the reflected field for each realization of the surface; and calculation of statistical moments of the reflected field by numerical averaging over the whole ensemble. To generate an ensemble of statistically rough surfaces with predefined statistical properties we used the algorithm described in [17] and [18] . The generated surface patch of final length is duplicated in the space domain to construct infinite periodical surface. Periodicity of the surface allows us to use discrete Fourier transform to evaluate numerically integrals from (11) and (12) . On the other hand, periodicity of the surface causes edge effects [19] (some distortion of statistical properties of the scattered field, which are often referred to as spectral leakage) and discretization (quantization) of the wavenumber spectrum. The former phenomenon might play an important role for the scattered field in the far-zone of the surface patch and tapering of the incident wave is typically introduced in an attempt to minimize it [19] . However, in the near field the edge effects will show up mainly locally nearby to the ends of the surface patch and it is sufficient to use sufficiently large patch to decrease impact of these edge effects. Another opportunity is windowing of the data (e.g., as it has been used in [19] ) to obtain a reliable statistical estimates. The latter phenomenon (discretization of the wavenumber spectrum) requires a proper choice of the surface patch length (a discretization step in the wavenumber domain should be much smaller than a characteristic width of the surface power spectrum) and causes discretization of the incident angle . The main difference of our approach from previous studies is utilization in the Monte Carlo simulations of a band-limited power-law spectrum as suggested, e.g., in [20] elsewhere (15) where the exponent is usually between 3 and 4, and and are the lower and upper cutoff wavenumbers, respectively. The choice of the power-law spectrum is motivated by recent studies [20] , [21] which show that the spectrum (15) is much more suitable for the description of natural surfaces than the Gaussian spectrum.
Use of the spectrum (15) requires a careful choice of the upper bound for the value of . At the first glance, is restricted by the sampling theorem where is the sampling period. However, the use of higherorder terms in the perturbation series imposes more stringent limitations. The th term of the perturbation series contains the th power of the profile function (in the space domain). Thus, the spectral bandwidth of this term extends to times the bandwidth of the profile function. Taking into account the shift in the spectral domain on the wavenumber of the incident field, we arrive at the following estimation of the spectral bandwidth:
where is the highest order of the perturbation series terms kept in the approximate expressions for the unknown functions and . The spectral bandwidth of all perturbation terms should not exceed the limitation imposed by the sampling theorem Thus, in the most general case, the upper bound for the bandwidth of the profile function is (16) Numerical tests have shown that failure to comply with this restriction results in high-frequency oscillations in the values computed for the surface unknown functions. The high-frequency character of these oscillations is attributed to the fact that violation of (16) distorts the upper side of the spectrum of the corresponding perturbation terms. Regarding to the lower cutoff wavenumber , it should be chosen at least several times large than the discretization step in the wavenumber domain in order to obtain a proper surface power spectrum estimate.
Because we had changed the surface power spectrum compared to that in previous studies [17] , [18] , it was necessary to check again whether there is convergence of the power spectrum (and the correlation function) of the generated surface ensemble to the predetermined surface power spectrum (and the correlation function) during Monte Carlo simulation. It has been found that the desired shape of the surface power spectrum is achieved after averaging of 50 realizations of the surface (with 4096 sampling points). Further increase of the number of averaging suppresses the small ripples from the low-frequency part of the spectrum, but this does not change the shape of the spectral estimates (see Fig. 2 ). The estimates of surface correlation function change only slightly when the averaging number is increased to above 50 (Fig. 3) . The impact of the lower cutoff wavenumber on the surface correlation function is shown in Fig. 4 . By a fixed rms height of the surface decrease of the lower cutoff wavenumber causes "stretching" of the surface correlation function, so the inversed lower cutoff wavenumber plays a role of the spatial correlation length. At the final stage of the Monte Carlo procedure, the calculated reflected electric field is averaged over all realizations of the surface to obtain , where angle brackets mean ensemble averaging. The field can be further averaged in the space domain, i.e., over the number of samples representing the surface patch (17) providing an estimation of the coherent component of the reflected field. Fluctuations of the reflected field are estimated by their variance , where (18) and by the correlation function.
V. NUMERICAL RESULTS AND DISCUSSION
The simulations have been carried out for the following parameter values. The frequency of the incident wave is chosen as 100 MHz (which determines typical values of dielectric permittivity and ohmic losses of the ground) and the incidence angle is chosen equal to zero . The power in the surface power spectrum has been selected based on studies of natural surfaces [20] , [21] . Aiming to implement a really wide-band spectrum we chose considerably lower than the wavenumber of the incident field and higher than the wavenumber of the incident field. This result in the following parameters of the power-law spectrum
In a few cases we have used other than values for the lower cutoff wavenumber, and in these cases the value of will be mentioned explicitly. Having in mind (16) we chose a sampling interval (discretization step) of , which corresponds to 20 sampling points per the wavelength (in previous studies [17] - [19] for surfaces with Gaussian surface power spectrum a number of sampling points per the wavelength of the incident field have chosen from 5 to 10 been used, while the band-limited power-law spectrum requires in general denser sampling due to its larger bandwidth in wavenumber domain). To achieve considerably denser wavenumber spectrum and to minimize edge effects we chose the total length of the simulated surface patch of samples. To check the influence of the patch length on the statistical estimates for the reflected field we performed also simulations for the shorter patch (with samples). The differences less than 1% have been observed in the statistical estimates for these two patches. From that experiment we have concluded that the surface patch with samples is long enough to provide sufficiently accurate results.
The accuracy of the simulations has been checked thoroughly. For a single realization of the random surface from each ensemble, a comparison with the method of moments [10] results has been made. The accuracy of the simulation has been estimated based on the relative error, which is defined as the normalized rms difference between the reflected field as found by the perturbation technique and the MoM solution (19) where the superscript denotes the corresponding values found by the benchmark. A threshold value of 1% for the relative error has been chosen, so that the results obtained by the perturbative technique can be considered as "exact" ones. To achieve this threshold, terms up to the fifth-order have been used in the perturbative solution.
We start our numerical analysis with a description of the scattering from a single realization of the air-ground interface. In this analysis, we selected values of the surface rms height in the range , because for a chosen power spectrum of the surface roughness the surface rms height of results in a surface rms slope of about 0.14 radians. Such value of the slope is very close to the limit, after which the power series (14) do not converge any more. We found that for all selected values of the surface rms height , the phase of the reflected field near the surface follows the surface profile (Fig. 5) . The correlation coefficient between the surface profile and the reflected field phase is about when the observation plane is just above the rough surface. This simple relation between the phase of the reflected field and the surface profile is valid only near the rough surface (by elevation of the observation plane up to one wavelength above the rough surface) as is shown in Fig. 6 . The phase shifts due to different elevations of the observation point above the surface have been compensated in Fig. 6 . The magnitude of the reflected field cannot easily be associated with the surface profile (Fig. 7) . Spatial variations of the reflected field magnitude change considerably with the elevation of the observation plane. With increase of the surface rms height , the deviations of the magnitude and the phase of the reflected field increase (Figs. 7 and 8) . While spatial variations of the magnitude change with increase of , the variations of the phase still follow the surface profile.
The relationship between the surface profile and the reflected field phase explains why adding the phase term into the description of the reflected field (13) considerably improves performance of the perturbative methods. This relationship also provides a principal possibility to reconstruct the surface profile from the phase measurements of the reflected field near the ground. Such reconstruction will not be exact, because the correlation coefficient between the surface profile and the reflected field phase is less than 1 in absolute magnitude. However, this "qualitative" reconstruction is possible and it is much simpler than previously suggested algorithms, which require measurements of both magnitude and phase of the electric field scattered in all directions from the surface [22] . The measurement techniques for such kind of measurements are already developed for the antenna near-field measurements. The experimental proof of principal possibility to measure the scattered field phase and reconstruction the surface profile has been recently done in IRCTR [23] . The next step of the analysis is the investigation of field reflected from a statistical ensemble of surfaces. We start with analysis of distribution of magnitude and phase of the reflected field (Figs. 9 and 10 ). With increase of the surface rms height one can observe increase of dispersion on the distribution of magnitudes and on the distribution of phases. The latter is especially important because it causes a decrease of the mean value of the reflected field . Figs. 9 and 10 mean that the major impact of the surface roughness (in the range and for the selected surface correlation function) is the phase modulation of the reflected field. Under the assumptions of this study, this modulation is proportional to the local height of the surface and thus it increases with increase of ratio . At the same time, the magnitude of the reflected field is much less effected by the surface roughness.
Variations of the spatial length of the surface correlation function (which can be technically simulated by variations of the lower cutoff wavenumber in the surface power spectrum) cause mainly changes in the magnitude distribution of the reflected field (Figs. 11 and 12 ). As the rms height of the surface by these variations remain unchanged, the phase distribution remains almost constant. This results in almost constant value of the mean reflected field . Analysis of statistical estimates of the reflected field we continue with analysis of dependency of the mean value and that of the standard deviation of the reflected field on rms height . These dependencies are plotted in Fig. 13 . While the mean value of the reflected field decreases with an increase of , the fluctuations of the reflected field increase. The dotted line in Fig. 13 shows the dependence of predicted by the Born approximation. It can clearly be seen that already for a very small value of the surface rms height the "exact" value of deviates from the Born approximation. For the Gaussian surface power spectrum such a deviation has been observed for considerably larger values of rms height [24] . Another interesting result is that the standard deviation of the reflected field becomes larger than the mean value at rms height . It means that near the rough surface, the noncoherent component of the reflected field already starts to dominate the coherent component even for reasonably smooth surfaces. In other words, the magnitude of the surface clutter reaches the mean value of the reflected signal for reasonably smooth surfaces. Both the mean value and the standard deviation of the reflected field increase with the real part of dielectric permittivity of the ground (see Fig. 14) . However, while for small values of the ground dielectric permittivity (e.g., 4) and for the chosen surface power spectrum the standard deviation of the reflected field equals 1/7 of the field mean value , for large values of the ground dielectric permittivity (e.g., 20) reaches a level of one-third for . It means that with an increase of the real part of the dielectric permittivity, the relative value of the surface clutter increases as well.
Similar to described above dependencies of the coherent and noncoherent components of the reflected field on the surface rms height and the dielectric permittivity of the ground are predicted by far-field theories of scattering from rough surfaces (e.g., [25] ). However, in these theories the noncoherent component of the reflected field is characterized not by its absolute magnitude, but by the scattering cross-section of a patch of the rough surface. So in the framework of these theories it was not possible to compare directly absolute values of the coherent and noncoherent components.
Finally the correlation function of the reflected field has been investigated (see Fig. 15 ). It can be seen that for very smooth surfaces the correlation function of the reflected field repeats the correlation function of the rough surface. For larger values of the surface rms height the field correlation function starts to deviate from the correlation function for the surface roughness. Taking into account the previous results, we can state that the field correlation function coincides with the correlation functions of the rough surface when the scattering is weak and the scattered field magnitude is linearly related to the Fourier spectrum of the rough surface profile (Born approximation). In practice this condition can be formulated as the condition under which the coherent component of the reflected field dominates the noncoherent component. In all simulated scenarios the correlation function of the phase of the reflected field remains the same as the correlation function of the surface roughness (Fig. 16 ).
VI. CONCLUSION
In this paper, we have analyzed the scattered field near a rough air-ground interface. The initial scattering problem has been formulated in terms of a system of two simultaneous integral equations derived by means of the extinction theorem. The Monte Carlo technique has been used to evaluate statistical properties of the scattered field. To achieve more realistic results, instead of a Gaussian spectrum of the surface roughness, we used the fractional Brownian motion model with a power-law spectrum. To speed up simulations we applied a small-slope perturbation technique to solve the system of integral equations. A benchmark solution based on the method of moments has been used to check the accuracy of the perturbation techniques for each simulation.
It has been found that the phase of the reflected field measured nearby a rough interface follows the profile of the interface, while the magnitude of the reflected field cannot be associated in a simple way with the interface profile. So the surface profile can be retrieved from the near-field interferometric measurements. Another important finding is that the phase modulation of the reflected field due to the surface roughness is the main mechanism in development of the surface clutter. The magnitude of the surface clutter exceeds the mean value of the ground reflection if the surface rms height is larger than (that is, if the real part of dielectric permittivity is about 4). With the increase of the ground dielectric permittivity, the magnitude of the surface clutter increases relatively to the averaged reflection from the ground. And finally we found that the correlation function of the reflected field coincides with the correlation function of the rough surface if the magnitude of the surface clutter is considerably less than the mean value of the ground reflection. The correlation function of the phase of the reflected field coincides with the correlation function of the surface roughness.
